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Summary

Mantle-wide hclcrogcnci[y  is largely controlled by deeply

These thermal currents arc likely to produce. signific.an[ Ia[cral

penetrating thermal convcclivc  currcmL%

varialion in rhco]ogy  and this can pro-

foundly influcncc  overall ma[crial  behavior. }IOW thermally related lalcral viscosity variations inllnct

modcki  of glacio-isostatic  and tidal deformation is large.ly unknown. An important step toward model

inq~rovcmcnt is to quantify, or bound, the actual viscosity variations tha[ characterize the marwlc.

Toward this goal, two approaches arc cmnsidc,rcd.  I“hc first involves simple scaling of viscosity to shear

wave velocity fluctuation. Map-views of long wavclcrrgth  viscosity variation give a general quantitative

description and aid in cs[imating the depth-dcpcndcncc of rhco]ogical  hctcrogcncity  throughout the

mandc. ‘J’hc upper man[lc  is JY’obab]y  characterized by two to four orders of magnitude variation

(Jwk-to-peak). Discrepant time scales for rebounding Holoccnc shorelines of Hudson Bay and southern

lccland arc consistent with this characlerintion. A second approach is to bound cxtrcmc negative

viscosity variation by considering both seismologically based information and dynamic models of

plumes, back-arcs and mirl-ocean ridges. Results arc given in terms of a local average viscosity riitio,

Afii, of volumetric concentration, @i. For the upper manllc dccpcr’  than 340 km the following rca$on-

ablc Ii nliL9 arc estimated for AT = 1 0-” 2; 0.01 < r) S 0.15. A spmrum of ratios A~i <0.1  at conccnwa-

lion IWCI QI = 1()-4 - 10-* in Ihc lower mantle imply a spectrum of shorlcr  time .scalc dcformatiom]

rcspon.sc  modes for second dcgrm sJJhcrical harmonic deformations of the Earth. This spectrum of spa-

tial varia[ion allows a purely Maxwcllian viscoclastic rhco]ogy to simultaneously explain all solid tidal

dispersion phenomena and long-term rebound-relate.d mantle viscosity. Composite theory of multiphasc

viscoclastic mcdi:i is u.scd to demonstrate. this cffczl,

Key Words: Mantle Viscosity, }lctcrogcncity, Conslitutivc Theory, Q, 1 xmg-Period Tides, Shear

Modulus Dispersion
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1. lntr’oductirrn

kccnt  dcvclopmcnts  in global seismic tmaography  provick three-dimensional views of S-wave

structure throughout the mantle. [1’anirnoto  1990;  Su & I)zicwonski  1991; Su, Woodward & Dzicworrski

1994]. ‘lhc. origin of lamral variation in .scismic velocity is likely to involve both tcmpcraturc and

chemistry. 3’0 tbc cxtcn[  tha[ lalcral structures arc rclakxl to tcmpcraturc fluctuations, they imply

corrcslmnding fluctuation in viscosity. in this paper wc explore the limit in which deviations from

spherically symmc.tric S-wave vc.locity (8VS ) ark from tcrnpcralurc  alone and can, thcrcforc, bc related

to diffusion con[rollcd  crczp proccsscs. Since dcrlsity  and shear velocity must bc related, predictions of

tcmpcraturc  flucmation, &f’, from 6VS rcl y on gc.oid and plate vclocit y modeling /lIager & Clayfon

1989; Ricard  & Wuming, 1991]. Poor rcsolu[irm  of S-wave struchrrc,  poorly constrained activa[ ion

paramc.tcrs  and uncertainty in lower mantle tbcra)al struchrrc  suggcs[s  that any detailed portrayal of the.

three-dimensional viscosity ficki is unjustified, Gcodynamic  modc]s  of solid tidal deformation and

glacio-isostacy,  however, rc~]uirc assessment of Iatcral viscosity variations at an order-of-rnagnitudc

lCVC1. Mapvicws of a long wavclcngtb thrcz-dime.nsional vi.scosi[y frcld can bc constructed from simple.

seal ing relations. ‘I”hcsc arc used as instructive guides. l’hcy indicate the. magnitude of viscosity varia-

bility and help set criteria for cstirnating bounds. A significant portion of upper mantle seismic hctcro

gcncit y is associa[cd  with features of smaller scale (< 300 km) /Aki  1982; Gudrnundsson, Davic.\  &

Clayton 1990; Drwker,  IIutnphreys & Ilimi 1993]. Some of t.hc smaller scale features arc. resolved in

the surface wave rnodcl of Zhang ~’ lanitnoto  /1992). This information, along with other seismic

tomographic rcsuhs, aid in constraining shorter wavclcngtb  viscosity anomalies. Models of n~ag-

mag,c.ncsis at mid-ocean ridges, hotspots and back-arc basins arc also rclc.vant 10 lower bounding the

volumc~ic  c.onccntration  and magnitude. of negative (weak) viscosity anomalies in the shallow upper

mantle. So wc,ak arc the. cffcztivc viscosities of some. parLs of the mantic that their natural viscoclaslic

response time scales fal I C1O.W. to many of the well-known orbitall y forced tidal periods.

Although solid Earth deformation mrxfcls  incorporate a viscoclastic shear modulus sof[cning,  ttmy

do so with completely ad-hoc assumptions about viscosity. Imw frequency softening is usu:illy

cs[imatcd by extending seismic absorption band models across the tidal band [Wahr & Bergen 1986;

Matkws & Shapiro 1992]. ‘Ilc.sc modcfs  arc. based on superpositions of one-dimensional analoguc

vise.oclastic springs and dash-porn. An exemplary Q - m diagram is shown in Figure 1. A dcticicncy

common to all such models is their rcliancc on a Iargc number of free pammctcrs. I’his absorption

band construcl  is often rcfcrrcd to as the ‘U - po~’cr law’ for Q and shear modulus dispersion,

Subrnittcd -- Geophysical J. Int.
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A major goal of gcodynamics is to develop a conslitu[ivc  theory that bridges .scismological and

glacial rebound time-scales [Yucn & I’elticr 1982;  Zvchau  & A!. Wang 1986;  Khnig & Mtillcr 1989].

In this paper wc approxirnalc late.ral variations using a viscoclaslic composite ttmory  for multiphasc

media and show that lhc. frcql)crlcy-dcjw.[~dcncc of shear modulus dispersion,

[ 1611 = p(o) -- p(wo)  / P((J)O)  and intr insic  aucnuation, Q~ 1 (co), is adc.quatcly prcdictcd across the

c.ntirc tidal frcxqucncy band. I’hc background matrix viscosity in these, mode.ls is equal to that employed

in post-glacial rebound calculations.

,, .,< ., .!, ,



4 -

2. hlcthod  for l.ont: Wavclcng(h  Structure

2.1 Scisrnological and Flow Model Inversions

I Horizontal [hcrrnal  fluctuations in high Raylc.igh number  convection cxpcrimcnts  reveal a dcpLh-

dcpcndcncc that is, qualitatively, similar to observed velocity anomaly magnitudes in the mandc

[Ilonda  1987; Machetcl 1990)  and this supporL$ the notion that thermal cxpansivily,  a, COIMKXLS asphcr-

ical tcmpcraturc,  8T, to seismic velocity variations. All tomograj~hic  images of tbc. upper manllc show

long-wavelength slructurc  beneath the lndian and Pacific oc~an that diminishc.s wilh agc away from

spreading ccrncrs  [SU & Dzicwonski 1991; 11. Anderson, lanirnoto  & Zhang 1992], providing further

cvidcncc that seismic anomaly and the. patlcrn  of thermal convection arc related.

Joint inversion of seismic tomography, long-wavelength gcoid, topography and plalc vclocily data

provide some information for constraining lateral mantle shwcturc. Ratio of anomalous local density,

8p(r ,O,k)/pO(r ) = dln p, to shear velocity, h.! (r ,O,k)/vs Jr ) == dlnvs (subscript ‘o’ indicates horizontal

average) is cslirnatcd  by laboratory cxpcrimc.nts and successful inversions. Ilager  d C’layfon  /1989]  and

Dzicwonski  et al. [1993] suggest that dlnv.$ /din p may have considcrab]c  radial -dcpcndcrrcc.  Othcr

gcoid and plate velocity model inversions indicate that a radially uniform value. of dlnv~/dln p is

appropriate. Ricard d, Wurning [1991] assume dln p t din p = 9.4 while h’ing d, Afas[crs [1992] prefer

a value of 6.0. The later value is consislcmt  v’id~ estimates ba.scxt on laboratory nv?asurcmc.ms  (D.

Anderson 1987] and theoretical rnodc.ls l]saak, 0. Anderson & Cohen 1992]. Useful scaling COnSUillLS

arc:

c] : dlnp  I dln p , Cp ~ dlnvs I dlnvp , @la)

dlnvtv = ( c l -  l)dlnp/2  , (2. lb)

iilnvp = (cl- l)d/np/(2cz) . (2.lC)

Quantification of lalcral viscosily  variation require.s additional scaling information having greater uncer-

tainty than c ~ or C2. }Icrc only S - wave moclcls arc consictcrcd and c z can bc igllorcd.

Submitted - Geophysical J. Int.
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2.2 /’arc mwtcrizalion of Solid .Ylalc A!hcolOgy

The basic assumption is that dc.nsily anomalies, 6p/pO,

pcraturc,  &f’, through the. coefficient of thermal cxpansicm,  a;

/ip(r ,O,k) = - a(r )pO(r  )

arc. adequately rclakd  10 convcclirrg  tcm-

where r, O and k expresses radial, lalitu(linal and longitudinal spatial-dcperrdcncc,

tcrnpcraturc crccp assurncxs a const i ml ivc law:

i= c7/(2.q,f f ) ,

(2.2)

rcspccti  vcl y. }Iigh

(23)

where i. is strain-rate., cr, dcviatoric  stress and qtff is a, generally, nonlinear cffcctivc. viscosity. F o r

crccp controlled by dislocation motion the. cffeztivc. (stress averaged) viscosity is

mf f =
(al-  ~,~ ) ~G”(f’,7YR7 (2.4)

where A is a constant, n is a power

Gas Gnslan[  with pressure, f’, and

dcpcndcncc occurs in all mandc

law e.xponcnt (~ 3), G‘ is the. Gibbs free activation energy, R , the

tc.rnpcrat arc., 1’ /Smmti.r  Cl al. 1977; Karam 1989]. Exponential-

crccp prcccsscs wherein ionic diffusion controls rate. LJsing

G * = 1; ● + PV” - 7’S ● in (2.4) clarifies the tcn~pcraturc-dcpcndcncc;  introducing activat ion energy E ● ,

vohrmc,  V“, and cnlropy S“. At any mantle position, tcrnpcraturc may bc divided into spherically syn)-

rnc(ric part, 7’O(r), and a  f luctuat ing componcn[,  67’(r ,0,1) = 1’ - 7’. .  Ralio, AII, rc.prcscnLs local

deviation of viscosi[y from a global average. LMi ning a viscosity, qO(r ), having sphc.rical symmetry,

and another, q(r ,O,k), that does not, ratio, All = qh\O, bczomcs;

Aq=c
.[.67norlo+rJ)l

(2.5)

witii a (r) E [ E’ (r) + P (r)V” (r) ] / R. NOLC in (2.5) Lhal ho[ anomaly (N’ > 0) has Aq << 1 while

cold anomaly (N << O) has A?] >> 1. Equation (2.5) assume.s lateral variation to bc dominated by

kvnpcraturc and not by dcfczt chemistry. Water-related Jmint tfc.fccts /llobb.$ 198.?; Karato 1989] prob-

ably affect rnandc  rheology beneath back-arc basins and marginal seas sine.c subducting slabs actively

dch ydratc into this cnvimnrncnt  /Peacock 1990]. ‘f’hc fact that only tcrnpcralurc. Cffccts  arc estimated

should bc carcfrrlly  no[ed,  though, most of the in flucncc of volatile. chc.mistry is likely to bc conccn-

tramd at Irighcr  sphcrica] harmonic order and dcgrcz  than is c.ontaincd in the whole. mantle seismic

hctcrogcncity  rnodcl cmp]oycd below.

Subrnittcd –- Gcaphysical J. lnt.



. .

An ordc.r  of magniludc  cstima[c of la[cral viscosity variation can bc obtained from

2M a 1 &vs

cl-l 1’0 (x To Vso
logl@q(r,O,X) = -

[ 1 -  --2--!:  ~v~
cl- 1 rzlo  v$~

A * 6vS (r ,0,1.)/vs Jr )-.
1 = C.v(r ;O,k)

(’.6)

with A *(r) = M (a /l”O)c*,  F., (r ,0,1) = f.” &’,$/vL$C,, c’ = 2 (a7’0)-l(c 1- 1)-1 and M = Iogl@  = 0.4343.

Equalion (2.6) provides insight inm (J1c dcplh and lateral parameter sensitivity involvti. There is not-

able unccrtairu  y in both the. ac.tivat ion paran~c.tcr, a, and ‘IN A’ parameter c 1. Radial variation of a

and bs /v~O arc estimable to within a factor  of about two. IIowcver, cqua(ion  (2.6) prcdicLs  a 2‘; 2

dcpcndcncc and cr ror in estimating 7“0 is of ccmccml. Activation parameters consistent with both upper

and lower  mantle viscosity inversions have been discussed rcxxntly by Ivins, Sarnmis  & Yodcr [19931

(V’able. 1, Fig. 1, therein). Parameter c, is taken to bc constant with depth, consistent with inversions

for gcoid and plale velocity by Ricurd & Wurning [1991]. Estimates of thermal expansivity, a, have

been rcvicwcd by O. Arrdcrscw, lsmk & Oda /1992/  and cxpcrimcntal  results with pcrovskitc  strut turc

[Y. Wmg cl al. 1991; Morishirna C( al. 1994] arc. relevant to the Iowcr mantle. Dimensionless parmc-

tcr A ● cxcrciscs stronger control than the tcnn (1- ~..)- 1, cmrscqucntl  y,

A*
-1 - E.. (Y ,i,l)

zA”, (2.7)

simplifying (2.6) (o a linear scaling relation. I“Jor cxamp]c,  A * =- 100, implies that v~ anomalies of 1 %

correspond LO 1 order of magnitude in lateral viscosity variation. While this linear approximation is

useful, it bccomc.s rather poor in the. dcziw.st manllc. and is not assumed in map-views prcscntc.d  below.

Perhaps a superior model for cxtmJmlaiion  of crccp laws to depth is accomplisbcd  by rcplacirrg

the ratio of activation Cnthalpy  to tcmpcraturc,  fl”  /R7’ , ( = l;” + P V* /R7’ ) with a homologous tcnl-

pcrature, 7M ~f’, ( 7; is the. melting tcmpcra(rrrc)  JJlultip]ied  by a dinlcnsionJcss  activation energy g

[Sarrmis,  Smiih & Schubert 1981; Borch & Green 1987]. In this case

a(r) = g(r) “ 7’m (r) .

Rcccnt crccJJ cxpc.rirncnts for Jwrovskitc  analogucs [U’righl,  Price. d

(2.8)

Poirier 1992] and diamond CCII

melting cxpcrirncnts for ( Mg,88Fc,11 )Si03 at lower manlk pressures [Zrr & Bochler  1993] allow for a

reasonable estimate of dc.pth-indcJwndcnt g and depth-dcpcndcnt ?“~ .

Submitted --- (icmphysical  J. lnt.
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3. Maps of Viscosity Variation

Models of 7arrinlolo [1990] (MIJ1.SJ1),  Su & Dzicwcmski  [1991]  (S11425.2) and Su, Woodword  &

Dzicwonski /1994)  (S 12Wh4 13) for ~v,$ (r ,O,k)/vL$O(r  ) arc employed with (2.6) in order to prodrrcc

map-views of A~ at any dcp[h  in [hc mrrndc. Assunling  approximation (2.7), c~rra[ion (2.6) is

(3.1)

Before discussing the map-vic.ws it is importmt  to quanlify  t h e  I’o(r )-dcpcndcncc a n d  dcciphcr

diffcrcnccs bctwccn seismic tomographic models. Physical consmnts used to gcncratc depth-dcpcndcnt

spherical harmonic power spcc~ra for [WO long, wavclcnglh seismic models arc given in Table 1. }~ig-

urc 2 shows the power spectra for two seismic nmdcls and cnd-rrmnbcr marrtlc gcothcrrns  l’o(r ) that

correspond to single and [wo-layer convcc[ivc  sirrlu]a[ions. Gc.olhe.nns  are. from I~itch  & Yucn [1989]

(’I.Y s.].’ in Figure 2 b and c) and from 7hclley  cl al. [1993] (’1’ d.1.’ in Figure 2a) for whole mantle

and (dominantly) layered convcztion, rc.spcctivcly. Cocfficicnt.s, 1~1~ ~ and ql~z arc normali~cd cos(rn 1)

and sin(rn  k) cocflicicnt.s of a spherical harnlonic cxJ]ansion  of (3.1). Figure 2 reveals the rcla[ivc con-

tributions of diffcrcnccs  in seismic model versus diffcrcncc,s in nlodc,] 7’O(r  ). Whole mantle, Corlvw[ivc

gcodwrms  tc.nd to bc coktc.r than those. for double,-layer, or intc.rlnittcntly pcrrctrativc,  convection. ~on]-

pwison of J~igrrrc  2 (a) and (b) shows [hat colder gcothcrms prc.diet skongc,r

viscosity than dots ho~[cr TO(r). ~omparison  of ~~igurc 2 (h) and (c ) rcvc.als

affccl predictions of viscosi[y  variabi!i{y,  especially in the dct.p lower mantle.

}:igurc  3 shows con[ours of k)gl@l(r ,(),X) at a 0.5 lcvc.1.  A value of

n)agniludc,  deviation from model viscosi~y widl splmric.ally  syn~rnctric.  7’O(r ).

variation in deep manllc

that seismic models also

1.0 reveals one order of

Figure 3 also shows Lhc

variability in model prediction using pairs of paramc.tcrs  a and c I (din p/din p) that inhibit late.ral varia-

tions ~:igurc 3 rI, b ) as oJpascd  [0 1}1OSC  promoting A?l (J:igurc 3 c, d ) . For example, lhc two ther-

mal expansivity values assumed arc., rc,spc.c.tivc.ty, nc.ar tbc differing high-tcmJEralurc.  and high-prc.ssurc

(Y phase) cstimalcs  for fors[critc  swggcs~cd by 0. Anderson. Isaak A Oda /19921. Eidwr of the IWO

c.s[irna[cs of c, used in Figure 3 arc. corlsis~cmt with gcoid model invcxsion.

~’hc mosl striking fcatrrrc  al 350 krn depth is a coincidence of nor[hcrn hemispheric vi.scosi[y

maxima (Aq = 102) and Lhc ccn[crs of [he grca( J’lcis[occne ice sheet.s. At this depth rnap-view struc-

tural pattc.r-n mimics the S-wave. velocity model. In ]~igurcs 3a, b and d note the slrorrg gradicn[ in

viscosity away from maxima in Europe and North America. ~hc gradient is particularly s[rorrg  bctwccn

Submitted -- Gc@ysical  J. Int,
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thc &cal I akcs mgicm and mantle beneath the sorr[hwcs[crrl  coas[ of the lJnibxl State.s. A strong gra-

dient is found from }Iudson  Bay to tbc West IIidics. A1qJroxin~a@ly  onc 10 two orders of magniludc

dc~rca.sc in viscosity is prcdictcd from the caslcr I) Ilaltic to tbc. soulhcrn  Rcd Sea. ~hcsc  upper rnandc

prcdic[ions arc relatively unaffected by choice of scisrnic model. }~cnnoscandia and I~urcntia  arc

anomalous to great depths = 700 km, though posi[ivc S- wave anomalies move toward tbc. soulbcast  and

Fcnno.scandian  anomaly is diminished. Illc sou[hcrn  hcmisphcrc  also has s[rong lalc.ral variations at

350 km depth: Aus[ralia  has higher than average. viscosity and oceanic. mantle accounting for most of

the negative viscosity anomalies (I:igurc 3 c), (;asperini  & Srrbadini [19$’9] and Nakarh  & I,arnbcek

/1991]  have nolcd that long wavclcmglh  upper mantle S- wave struclurc and regional post-glacial shore-

line ctncrgcncc  rate.s arc correlated. Wbilc tbc prcsc.n[ study suppcm  this infcrcncc, lhc. main otljcctivc

here is to dctcrminc ovcrali  quan(itativc bounds rcvcalcd  by simple scaling relationships.

l~cpth-dcpcndcncc of la[cral viscosity variability is rcprcscn[cd  by the power sJwdra shown in

Figrrrc  2. In the deep lower mantle S}1425.2 and S 12 WM 13 have. batcr resolution sincf.  they usc SS

and SCS rcflcckd  phases. Figures 3C and 3j show prcdiclcd  Iogl@q(r  ,El,k) a( a depth of 2600 km

with lhcrma] expansivity near that suggcs[cd  by Ctwpelas & Boehler [1992]. Prcdictcd peak-to-peak

viscosity variations arc 3 to 4 ordc.rs of magnitude. ‘1’he.  main long wavelength fca[urcs  of S} 1425.2 arc

rcflc.clcd  in the higher rcsolu[ion  12[h dcglcz. sphc,ricai harmonic rnodc.1  S 12WM 13 (cornparc  Figure.s 3C

and 3f ). The main infcrcnccs about the magnituclc. of Iatcral viscosity variability arc litllc affccte.d by

employing tbc more highly resolved lower mantle. tomographic image S 12WM 13. Pararnctcrs assumed

in I~igurc 3 arc best-cs~irnatcs and arc no[ chose.n to either maximiz.c or n]inimiz.c.  latcrd  variability in

viscosity.

Maps of Figrrrcs  3j -- 3 h form an intcrcs[illg intcrcomparison since all parameters arc identical

cxcc~)t L}1OSC  assmiatcxl  with lligh-tcrl~lx.ratL1rc.  diffusion-controlled dislocation crc~.p, While Figure 3f

crnploys  form (2.4) with G ● / 1“, maps 3g and 3h c.mploy  homologous tcrnpcraturc form (2..8). Figures

3~ and 3g, none-tbc,-less, produce similar A~)(r  ,0,1) al 2600 km depth. ~omparison  of maps 3g and

3h shows an cnhanccd logl@q(O,A)  magtlitudc  induced by larger activation parameter g. l’bc latter

differ only in the assumed slip systems dctcrmilic.d  from high tcrnpcrature.  crccp cxpcrirncnts with

JnXovskitc  Cal’i03  by Wright, Price & Poirier [199?].
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4. l~inc Scale IIctcrogeneity

Map-views of long wavclcng[h  viscosity allow a qrran[ification of rhcolcrgical  anomaly in tcrrns of

a concentration, @i, and ncw ratio, A~i = ~i >/~10>, where < . . . > is a spatial average. The value

of qo> is an average of all viscosi[y grca[cr  than an isolated weak component ~)i > (.SCZ lablc 2), with

~]o> > ~. and Aqi < 1.  Subscript  ‘ i’ indicates mul[iplc pairing of ratios and concentration. Soft

long wavelength anomalies arc cslimatcd to bc logl@~ = -2 i 1 at concentration lCVCI r) s 0.1 i 0.05

in the upper mantle. and al top and bot~oni  of the lower manllc. Attcnlion is now turucd toward short

wavclcngdr  fcaturm with negative. velocity anomaly. I’hcsc involve more cxwcmc An and smaller r$

lhan do long wavclcng[h  features. Iwo scales arc considered. P’irst, arc those with wavclcnglh of order

s SO - 250 km, corresponding LO fca[urcs  that arc. sorncwhat  resolved in tomographic models of the, top

half of dlc upper marrtlc. Secondly, tllcrc arc smaller .scalc fcalurcs of lateral dime.nsion G 50 km to < 1

km with varying degrees of partial melt contcn[. Rock strcngd~ is rcduccd  by partial melt. Al[hough

seismic tomography cannot bc app]itxl  as in the prc.vious section, it provides some information for con-

straining $ in the shallow upper mantle..

4 . 1  I,owcr Bound ori 4 with Afl <10-2

Quantification of small scale hctcrogcnci[y  is difficult and, gcncral]y,  simple. scaling relation (2.6)

dom not apply. Sa[o II 991) combined velocity and attenuation data with cmpiricall y based relations 10

infer an asthcnosphcric  viscosity beneath very young (O - 5 h4a) and youthful (5 - 10 Ma) oceanic litho-

sphere near 1016 and 1018 Pa s, rcspcctivc]y. A rc.asonatdc  cs[imate.  in lhc upper mantle. is that 2-3 ?40

negative S-wave anomalies rcprcscnt 2 orders of n~aglliludc in vise.osit y variation lSato  J 991].

Zhcrrrg  & ~tirrin~ofo [1992] c.mp]oycd 75 - 250 s surfacz  waves to construct a refined map of the,

upper 500 km of the mantle and produced a sphc,rical harmonic dcgrc< 36 model. I’hc model images

siructurc beneath hoL$pots  and mid-ocean ridge.s. Zhmrg  & 7’animo/o  /]992]  showed that the mapped

slow S -wave, area, in vcrlical cross-scz[ion,  bc.nc.afll the. rid~c. axc.s scale.d with spreading ram. For our

purposes this scaling concept is uscfrrl  since all w.can basin spreading rate.s arc available from global

kinematic rnodcling (Dr?kfcts  C[ al. 1990). A detailed volume estimate can bc constructed that inc.ludcs

sphcricity, velocity structure from the dcgrcc 36 n)odc.1 cross-sectional areas, known rxcanic  ridge

s}mxiding  half-rates and surface .gcomctry.  Sub-ridge mate.rial of diminished S-wave velocity of 2% (or

greater) rcprcscmts roughly O.] YO  of the mantle’s volurnc. (hiy Iatc.ral contrast is considered within the

omanic  1.VZ with PREM /Dzicwon,Wi  A, I). Andcr.ion 1981] as a rcfcrcncc model. l’hc 1,VX is likely
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to rcprcscn[  a viscosity minimum in radial prcrtilc [Borch  & Green 1987; Mitrovica  cl I’cllicr 1993]

and, consequently, cmbcddcd viscosity anomalies arc, cvcrr strcrngc.r in tl]rw-di[l~cnsior~s.  Again, this

lower bound is arrivc,d at by only considering sub-ridge. mantle S-wave SWLIC.[UW  ‘l”hk lower bound

can be improved upon by considerations of back-arc basins, hoL$pots and mantle hcncath continental

extensional provinces.

Mandc bcnca[h aclivc marginal seas and back-arc basins of the. wc.s~crn Pacific contain regions of

S-wave anomaly at the 2 -4.5 % ICVCI /Fukao  ct cd. 1992; Ilascgawa  et al. 1993]. Material hcneattl

wcxtcrn  Pacific marginal seas and back-arcs crm[ribu[cs an additional 0.1 % to the lowcx bound for man-

2 
I’lunlcs  also  contribute. to improving the lower bound.LIc malcrial having viscosity contrast Am <10- .

Numerical and analytical simulation of hotspt dynamics /Olson, Schubert & C. Anderson 1993] indi-

cate that the }Iawaiian plume has a viscosity rcduccd  from surrounding mantle. by 2. to 4 orders of mag-

nitude over short (xI 00 km) la[cral lcng[h scales. ‘J’here arc two classes of plume.s: 24 corrcspondirrg  to

large cmanic  holspoLs  /cha.$e 1985] and 18 weaker, yet classifiable, holspoLs  /Duncan  & Richwds

15’91]. l,owcr  bounds for mantle frac~ion with An < 10-2 is raised to about 0.2- 0.S % by considc.ring

the total contribution from plumes. Asthcnosphc.rc  beneath continental extensional regimes also contri-

butes 10 the total lower bound, I’ -wave imagery of the western U.S. indicate.s variable. sh-ucturc  to

depths of at lc.ast 200 km with amplitudes of 2 4% [Duckr, llumphrcys  & Biasi  1993). The pcrccn-

tagc of continental land area participating in active extension, however, is small (~ 3- 4%), ~ontincn-

lal cxlcnsional  rcgirncs  J~robably  conwibu(c no more lhan an additional 0.1 % 10 the rnanllc  total. our

cs[imatc of a lower bound with An < 10-Z is 0.6 ~ 0.3 90  for the whole manttc and 1.5 f 0.7 9J0 for the

upper mantle separately. These cstirnatc.s  arc obviously very crude.

4.2 Eslimalc of l’cirtial Melt Sof!ening

The. prcscncc of par[ial melt cnhanccs aggregate rock dcforma[ion.  Cooper A Kohlsted[  [1986)

identify lhrez mechanisms as impcmarm The firs[ is caused by increasing portion of hydrostatic load

that can be supportc.d  by a liquid pha.sc. At high mch fraclion  (Om 2 0.2) this mechanism can cause a

catastrophic dccrcasc in slrcng[h since nearly all deformation is dctcrminc.d by relatively unobstrumd

motion of the liquid pha.sc [Arzi 1976’;  van dcr Molen d’ Palerson 1979]. Olhcr mechanisms arc

cffcclivc at smaller r)P~: crystalline inlcrfacial sliding and creep cnhanccmcnt  by solution transporl.

l“hcsc Iattcr mechanisms arc not, however, cffcctivc at reducing viscosity by more than factors of two

to live for partial melt fraction, @P~ <0.1  [Cooper &, Kohls[ed(  1986; Riley & Kohlstcd[ 1991; Beeman

Submi[md -- Gwphysical  J. lnt.
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& Kohls/cd/ 1993]. Order 1 to 5 % mcltirrg,  typical of the locus of mitt-occarr ridge asthcnosi~hcric

upwcll ing fMcKcnzic  & Ilickle 1988; Forsy:h J 993], could corrcspcmd  to TI CJf = 2 – 5 x 101 G I% S.

The.sc values arc consistc.nt  widl viscosi{ics  computed rcccndy by Scofl /1993]  for mantle (plus melt)

convection bcncalh  mid-occarr ridges.

Kent, ffarding  & Orcuu [199.?] apidicd seismic. reflection methods to a segment of the East

Pacific Rise. ‘f ’hc.sc data place tight bounds on the dimensions of the axial magma chamber. ~“hc

imaged magma chamber is characterized by axial lc.ns of 0.7 km in width and a maximum thickness of

about 0.05 km. Volumetric fraction of upper mant]c occupied by the, world’s mid-ocean ridge axial

magma chambers is $ D 10-8, Models of the surrounding axial crystalline/mcJt mush zone suggest

dime.nsions of 60 km in depth extent of a conically shaped region that fans out laterally to a maximum

width of about 120 - 200 kn~ [McKenzie & Bicide 1988; A’en[ Ilarding &, Orcuu 1993j and has an

average regional partial melt fraction ~r~ z 0.0S- ().07 /For.$ylh J993],  WC conchtdc, with abou[ an

order of magnitude in unccrminty, that seismic images and flow models of the axial mush zone imply

Upjnr Inandc  $ x 10-s - 104 wi~ An = 106- 10”5. 3’his is a lower bound since phrmc and back-arc

thcr-mal-melt smrchrrcs  contribu[c  in a similar manrlcr /see Watson d McKenzie J 991; Davies d Bickle

1991).  }Icrc no consideration has been made for parlial melting that could exist in these struchrrcs  or

anywhere CISC in (hc mandc.

S. lateral Ileterogcncity  as a composite Media

Our view of lateral hc.tcrogcnci[y is, in c.sscncc, d)at the mantle contains a spatial spectrum of

thermally activated crccp strcnglh. Weak parls of the space arc acmally WCII reprcscntcd by Ilgurc  5

which is a view of /iv.$ /vs  O below 0.6% dlrou~lmut the. mantle I.$u,  Woodward & Dziewons,ki  1994].

Our composite models builds from the conccJ)hlal  framework seen in Figure 5. Weak (slow) anonlalics

@igurc  5) arc viewed as a two-phase viscocla,s[ic  comJmsitc  since the most inlcnsc anomalies arc not

captured by global tomography. The long wave.lcngd[ anomalies arc but onc part of the weak phase.

I’hc surrounding mandc (unshaded in Figure 5) Jmobably also contains wc.ak spm and, thcrcforc, is also

moctc.lcd as a two phase viscoclastic  composi[c.. Each of the two regions arc analogies to the shaded

and unshaded Jmrlions shown in Figure. 6 and arc each modeled as a generally sc.lf-consistent Maxwell

vi.scoclastic composite. The two regions arc combined using } Iashin-Shtrikman upJwr bounds, ~“hc

basic components of each of these two regions is dcscribcd in Figure 6 (also scc Appendix). ~onrwc-

tion of scaled Ai\i to ratios of cornposi[c  theory arc give in Iablc 2.
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6. implications for Rhcological  Modeling of ]sostacy  and lmw Frequency (lcodynamics

6.1 Glacial lsostacy

I’hc classical dclcrmination  of mandc viscosi[y derives from modeling slow isostatic response 10

the I,a$( Plcismccnc dcglaciation  cvcru. The highcsl quality data comes from IIoloccnc shorelines that

have large uplift amplitudes. I’hcsc arc lcxatcd near the ccn[crs  of the 1 ~st  Pleistocene glacial cpxh:

The (iulf of Bothrria  and }ludson Ray. Bc]ow the.sc two inland seas arc Archcan  crusl and upper n~an-

tlc of relatively fasl .scismic  vcbcity.  C)nc criticism of inversions for marrdc  viscosity that ulilizc shore-

line. data at the.sc sites Illaskcll 1935]  is that a spatial bias is inherent. Rezcnt inversions of }Ioloccnc

shoreline data for Australia, Great Britain and south Pacific islands yield viscosity values lower than

lhosc. relying more hcaviiy  on data from cratonic  continental regions /Nakada & lxmbcck 1991]. 7ti.rh-

inghmn d’ Pehicr  /1992)  suggest that inversions usir]g 392 global shorelines reveal systematic misfits to

data along the cast coast of North America that could bc explained by an anomalously dczp mechanical

lithosphere. RaJ)id land cmcxgcncc  in response to melting of Icelandic Younger Dryas (11-10 ka BP)

icc sheets indicate an upper bound of 1.0 x 1019 I’a s for asthcnosphcric viscosity lSignumdsson 1991).

Implied lateral variations in viscosity CXC.CXXI two or(ic.rs of magnitude and this is consis(cnt with predic-

tions that rely on long wavclcnglh seismic tomography (M IN.SI1,  S11425.2 and S 12 WM13)  and labora-

tory crccp nwisurc.rncnts.

Shoreline dala alone do nol provide the spatial covcragc nczcssary  to distinguish bctwczn long or

short wavclc.ngth  interpretations of Iatcral rbcological variation, More importantly, seismic tomography

also faces the criticism that global rnodcls reflect long-arc averages of fcahrrcs that arc acwally  of

smaller scale lGudmrmd.mm,  l~avie.$ & C/aymr  1990]. If seismic pictures of 31) structure are ‘blurred’,

as suggested by Machmd  [1990] (applying tomography to a numerical convection cxpcrimcnt),  then a

short wavelength interpretation of the Icclandicfllmrloscarldian discrepancy is more apropos.

6.2 l,ow-frequency Gcodynarnics

There has been considc.rablc  effort rc-ccn[ly  to incorporate lalcral variations in viscosity into flow

models of the gcoid  [Rilzeri & Jacoby 1992] and Posl-glacial  rebound [Gaspcrini & Sabadini 1989].

There arc other mantle. deformations for which late.ral variations could also bc important. in particular,

there. arc suhcismic oscillations caused by cxtcmal tidal forcing and rotational modes such as the 434

day Chandler wobble. Solid tidal Q in this frequency range has a fairly flat response.

Submitted –- Gcnph ysical J. Int.
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Onc explanation of this obscrvatirm  is to extend the absorption band for Iow-frequency scisnlic

waves into the tidal band [Sr.nidl A’ Dahlcn 1981]. }Iowcvcr, in this e.xtcnsion to the tidal band Ihc

microphysics of attenuation and rtispcrsion  is assumed to be controlled by anclastic proccsscs. Anclas-

ticity is quite distincl from viscoclas~ic fluid rheology. In the former case as (a –+ O, f? -> ~ and

the mate.rial is 1x2rfcclly elastic. II is trnl ikcly d~a[ lhis ‘solid’ rlumlogy charactcriy,cs  global dcforn~a-

tions with periods of half a day m 18.6 yc.ars [Karafo  & .’ipc[zlcr 1990]. Dislinguishrncnt  bctwccn  solid

(anclaslic)  and fluid vise.oclaslic rheology (Figure. 4) in conlputing frequency-dcpcndcnt tidal Love

numbers has, in f acl, tom recognized by Yucn & Pclticr  [1982] and Dehrmf & Zvchau [1989].

Mxuiini, Yurw & Widmr [193’5] employed a radial] y stratified standard linear solid (SLS) rnandc

model LO predict tidal Love number dispersion al the 18.6 yc,ar tidal period. Al(hough pcrfcctl y claslic

as co --) O, lhc stralificxl S1 .S model demonstrated lhc. importance of a weakest short-term viscosity, T12

(see Figure 4), in a shallow 200 km thick as(hcnosldvwc.

What, then, can the concept of lateral hctcrogcncity add to our understanding of dispersion and

dissipation at tidal frcqucncics? F’irs[,  d~c dc.fonna[ion induced by external gravitational tides is n~ax-

imum at the bot(om of the lower mantle [Smi(h c1 l~ahlcn 1981; Yodcr & Zvim 1988]; a region that we

estimate to have enormous lateral rhcdogica]  sh ucturc (SCC Figures 3C to 3h ). Secondly, the weak

components promote a significant shear cnhanccrne.nt wi[hin their interiors and within surrounding

s[rorrgcr  mandc. The. weakest crmlponcmL$ of this syslcm may bc akin to lhc asthcnospheric S1.S ‘q2

modc,lcd  by Sabadini,  Yucn and Widnwr [1985)  in that these readily induce a viscous softening thal

should bc rc.ftcctcd as a dctcctabl y large.r kmg-pc,l iod tidal potcnlial I mvc numbc.r k z.

6.3 A Role for Maxwell Vi.vcoclostic  Composite l’heory

lsolatcd pockets of viscous fluid crnbcddcd  in an elastic. medium induce a viscoclastic-like

behavior when the dc.formation lc.ng[h scale is niuch lar.gc.r thal that of [tic inclusions. ‘f’hc  mixture of

viscous and elastic processes produces a new tinic-dcpcndcm behavior that neither the inclusion nor the

matrix have in isola[ion from one. anolhcr.  The mixture. crca[cs  new relaxation modes that arc induced

by fluid-elastic interactions lFriMich & Sack 1946]. These modes can act resonantly and give substan-

tial contribution to tidal Q and dispersion [lvins & Sammis  1994]. The amplitudes of resonant behavior

is dclcrmincd by concentration ($i ) and strc.ngth (A~i ) of hc.tcrogcncitics  in the media. This is well -

known in the case of wave attenuation and dispersion in partially molten rocks [Shmkland,  O’Conne//

& Wafl  1981).  For periods of oscillation in the [irtal band lhc simple.st possible rhcological assumption

Subnlit[ed  - Geophysical J. InL
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is that of Maxwcllian  viscoclaslic behavior. With such an assumption short period behavior is dom-

inated by elasticity and long periods by Newtonian viscous flow. Maxwell mate.rials have infinik  dissi-

pation (Q -’) at long period (7’) and mro at 7“ - > 0 (SCC F’igurc 4). Maxwell rhcm]ogy captures the

basic malcrial behavior of the mantle. [1’cltier 1989)  during isostatic response to Plcisloce.nc  glacial

loading and unloading (period 7’ = 103- 1 Of years). I“hc main drawback in applying homogeneous

Maxwell models to solid body tides is the sharpness in predicted modulus dispersion and dissipation as

a function of frcqrrcncy  [lAnbtck &’ Nokibog/u  ]9??3].  By considering a  la teral ly hetcrogcncous

viscoclastic  composite rhccdogy this sharpness in the response disappears. This conceptual break-

through is realized only through apprc.c.ialion of late.ral variability in marrtlc crccp strcnglh  at the 2- 3

lhrcc order of magnitude lCVCI.

Although a complctc.  derivation of a composite ccms[itutivc thcmry  for a medium consisting of a

Maxwell viscoclastic matrix with cmbcddcd Maxwell viscocfastic inclusions is beyond the sco~w of this

paper, the main results for a multi-component theory rcccntly dcvclopcd by lvins  & Sammis [1994) can

bc summarimd  as follows:

1. A generally self-consis[cmt theory for a two-phase viscoclastic media consisting of cylindrical

inclusions can bc derived as a subset of a wider class of viscoclastic  thin-tilrn composites (SCC

Thorpe & Jmiuk  [1992]) originally given by [)ldroyd [19S7].

2. These analytic results arc combined with upper bounds on cffcctivc. composite viscoclastic

moduli  given by }Iashin [1983]. F’ini[c, clc.rnc.n[ studies of viscoclastic  composites by Iirinson &

Kmuss [1992] establish the accuracy of these bounds.

6.4 Prcdiclion  of I’reqllericy-dc[jctldcnt Q and p

Figure 7 shows predictions for Q ~ (intrinsic shear quality faclor) and shear modulus dispersion

(Sp) for a hybrid model consisting of 4 phases  (SCC Appendix A and Figure A-1). ‘II)c elastic shear

moduli, pc, for each of the four phases arc identical. only  the viscosity, q (SCC Figure 4, top frame,

and Figure 6), of the 4 phases differ in ratios that arc guided by those estimated for the manttc in Sec-

tions 3 and 4. lrr Fi,gurc 7 the long-shorl  dashed line corresponds to predictions of a single two phase

vi.scoclastic  material of inclusions with viscosity ratio ‘1)1/’  = 10-5 at concentration ‘1)$ = 5 x 10-3 wi[h

a matrix viscosity ‘i%I = 1.0 x 1022 Pa s. (1’his matrix viscosity is near a long-term a value for the

lower manllc that satisfies a variety of geophysical data [Pclticr 1989; King & Masters 1992; Mitrovica
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& Pcllicr  1993; Ivirrs, Samni.$  A Yodcr 199.?].) A second  [wo-phase Maxwell viscoclaslic  material

(type ‘(2)’ .scc the long dashed line in F’igrrr’c  7) is also considered. Ihc [ypc ‘(2)’ composim has a

lower matrix viscosity (0.5 x I&” Pa s) and a vc.ry low viscosity ~2~]’ = 1.0x 10’6 Pa S) for the

rcspcctivc  inclusion phase. Type (2) inclusion phase occurs with total conccnlmtion level 1.71 % when

all of type (2) phase is treated as a spherical inclusion phase to a matrix of type (1) two phase material.

~’hc exact rc]ations  for ~j.t and Qu arc given in an Appendix. The solid line shown in Figure 7 shows

lhc upper bound rcsull for a 4-phase composite, Such a 4-phase compaitc  begins to realize a fairly

‘flat’ attenuation spcctnrrn (Q vs. w) for the tidal band. I’hc cross at the Chandler wobble (CW) frc-

quc.ncy in Figure 7a shows an cs~irnate.  based upon theory and observation ~Srnifh & Dahlcn 1981;

Okubo 1982; Wilson & Viccrm 1990], In }’igurc.  7b the cross is al a shear modulus dispersion value

dc[crrnincd  by Smith & Dahlcn [1981]  to reconcile observed and prcdictcd CW frequency.

Figure 8 is similar to Figure 7, the. main diffcrcncc  bc.ing that a lower background (matrix)

viscosity is assumed. Dispersion in solid I,ovc number is primarily due to de~.p lower mantle shear

deformation JSn/ith & Dahlcn 1981; Okubo 19$’2].  Solid tidal polcntial 1.OVC number, k z is propor-

tional to ‘softness’ or cffcclivc shear compliance. Nom the significantly different 6p(8k ~) in comparing

F’igurc  7b and 8b at the period of 18.6 years. M ~ will come under tighter obscrva[ional  constraint from

fuhrrc satellite and VLIII-derived phase-lag and anlpli[udc  information /Ura[kin.r  & Eancs 1993]. lhis

gcxxtclic  data rnigh[  constrain models of kmvcr man[lc.  rhcological  slructurc.

The broad absorption peaks that arise from lateral hctcrogcneity strem.gd~cn  the argument that

vi.scoclastic crccp is an operative. mcc.hanism for disi)crsion throughout the tidal band. Such an intcrprc-

ta[ion is in accord with microph ysical atte.nualion  rlmchanisrns  [Karato & SJJc(zler 1990). J lowc.vcr,  all

models that produce order 5% shear modulus dispersion, thus n~a[ching the Snli(h  & I~ahlcn [1941]

prediction at the Chand]cr  period, require sign ilican[ fraclions  (= 10 %) of dlc lower mantle. to bc weak

by faclors of 10-3 to 10-2. I’hc viscosity reduction is not inc.onsistcnt with .scalcd seismic images (Sec-

tions 2 - 4), bul is larger than any lower bound 011 concentration that can bc formulated for the lower

mantle  .scparatcly. A remarkable properly exhibited by (}1c  simple 4-phase, viscoclastic composite is i[s

correct prediction (solid line in Figures 7 and 8) of gcodynarnical  behavior over such a broad frequency

spectrum. We conclude that a lower mantle wi[h background viscosity of cilhcr 10~~ or 102~ Pa s that

contain volumetrically significant (z= 10 %) ‘soft’ zones predict tidal Love number dislx.rsion  consistent

with all known constraints, btd that lhc two background values produce very different predictions of k 1

at the 18.6 year tidal period.
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7. Conclusions

~’hc. goal of this paper is to provide. quantitative assc.ssmcnt  of viscosity variability and 10 dcn~on-

stra[c its im~rtancc  to physical  (tispcrsion at Lid:il frcquc.ncics. Unccrlainty in crccp mechanics is a

major obstacle 10 obtaining reliable. viscosity cslinlams. It is lmssiblc, however, to COIMtrUCL some rwr-

.sonablc bounds scparalcly for uppc.r and lower mantle. A conservative cstima(c is lhal viscosity

anomalies cxis[ al the one to two order-of-r~)agt~il[ldc ICVCI over lateral scales of many thousands of

kilomc[crs.  Scaled mandc S-wave structure has been used to estimate r) = 0.1 f 0.5 wilh  Av = 10”2.

This cslimatc  of @ for the upper mantle ignores dlc top 3S0 km, thus, avoiding contamination from

non-thermal sourc.cs Ih’oyd 1989]. 1 lowcvc.r, it is prcziscly in this region that thermal fluctuation is

likely to bc large.st since tcmpcraturc advc.clion is strongest within the thermal boundary Iaycr of a

rapidly convecting mantle. [Jarvis  & J’ci(icr  198?; /londa  1987], Pressure promoms  viscosity variabil-

ity in the ctc.cpcst mandc. The volume of lower Inande with Afi <10-3  might bc fairly Iargc:  @ < 0.01

- 0.OS. lmprovcd tomographic resolution could  make. such cstimatc,s more reliable. WC remark that

corresponding &f’ in long wavelength models (IJigurc  2 and 3) arc consis[cmt  with vahrcs  prcdicmd  for

shallow upper mantle (2 180 ‘K) by Kaula /198.?] and for the lower mantle (= 1201100 ‘K) by I)uffy

& Ahrms [1992]. Rccc.nt computations of conwxtivc.  thermal fields that corrc.late with seismic obser-

vation /vCadck C( al. 1994)  im3icam that Iowcr  nlantlc 37’ is substantially larger (= 1000 ‘K) and this

s[rcngbtcns  our suggestion that AT < 10-3 occurs at a 1 - 10% volumetric conccrm’ation Icvcl.

If posi[ivc vc.locity anomalies hcncath  continental shields have thermal origin the.n glacio-isostatic

rebound of I.aurcn[ia and Fcnnoscandia  sarnplc. an anomalously “sLif  P upper mantle r}mology with

respect to global spherically symmetric average value.s. 1 .ong wavclcngdl viscosily anomalies in the

shallow upper mantle explain [hc c.xtrcmcly rapid Ims(-glacial  cmcrgcncc  rates observed along Icckmdic

bcachcs. However, short wavclc.ngth  variahilily might also explain the observed rate diffcrcncc.

Mantle models with la[cratly  hctc.rogc,ncous  viscosity arc a kcy factor in properly assessing Ihcml-

ogy in the tidal band. A 4-phase. Maxwell viscoctastic composite rhco]ogical  model provides a simpler

physical description of shear modulus ctispcrsion  and attenuation at tidal frequency than do ‘tii - power

law* models. We suggest that Iatc.rally hctcrogc.ncou.s h~axwcll viscoclasticity  may bc a viable corlstitu-

tivc relation for pcrirxk as shcmt as 12 hours and as long as a Milankovich cycle (0 100,OW yr).

Future geodetic solutions for solid body tidal I.OVC number dispersion (bk2) migh[ bc used to constrain

deep mandc Iatcral varia[ion in viscosity.
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Appcndix  — Theoretical Atterruationand I)ispcrsion

Ilclow a brief skctc.h of tlm solulions  for modulus dispersion (?ip) and quality fac[or (QP) for

two-phase and four-pha.sc  MaxwcJlian  viscoc]as[ic  rncdia is given.

l’wo-I’ha.w Maxwell  Vi.rcoelas(icily

‘1’hc hwphasc  rncdia is derived from gcncralizcd self-consistcrr[ theory [C’hris[en.wrr 1990]. A

detailed derivation is given bylvins & Smmlis/1994]. Thcrnoduli  arcdcrivcd  on tbebasis of accm~-

positccy]indrical  assemblage. A ‘cmss-fiber’ shcarirrg  comporrcn[ (.scc Figure  6) is relevant to model-

ing rnanllc shear nmhrlus  dispersion. l’hc, inclusions and the matrix are. compressible Maxwell visccrc-

lastic with tbc sarnc dcfini[ion for viscoclastic compressibility as in Pel/icr /1989]. 7?1c conccntra[ion,

$, of the inclusions is dilute and lhcrc arc no cxplici( intc.racticms among inclusions. In a g,cncrally

self-consislcnl scbcrnc. the rnoduli arc. derived through a ‘weak’ in[crac[ion hypo[hcsis. This ‘weak’

interaction limit app]ics  to all ]cngth scales of hctc.rogcncity, providcfi tbc laucr arc. much smaller than a

characteristic wavclcnglh of tbc macroscopic dcforma[ion, l’his approximation is certainly rcalixcd  in

lhccasc of 1=2 dcforrna(ion:  (I1c dominant modcof solid body tide.s.

l’hc composim modrrli  arc analytically tractable in the case when cla.wic bulk modulus, # and

shear modulus, p’, arc. idcrrtical. I’hc claslic propcrlics appear in tbc rclalions for viscoclastic moduli

as a single ratio, v == h</p’. q“he. only diffcrcncc bctwccn  the inclusions and matrix is the Ncwtoniarr

viscosity of the analoguc dashpot clcmcnt (sc.cI;igurc4 a). q’htrs, Lhc cornposi[c  modtrli  arc cxprcsscd  in
t

terms of a ratio R = -q-- where. q’ and q arc. the. viscosity’  of the. irw.lusion  and matrix phases.
n

3“IIC

crccp funclion,  Y’, in consti[u[ivc  theory provides a nc.arly complctc. dc.sc.riplion  of basic rbcological

propcrtic.s [see Krvmrnori & D. Anderson, 1977 and refcrcnccs therein; Chris[cn.vcn 1982; Kbrnig &

Miller 1989]. I;or  the two-phase viscoclas[ic  ma[clia]  undc.r discussion dlc.crccp  function is:

Y’(f) = Q)(v,r$))  + El, (R,lj))/ (A-1)

+  r3*(vJ,@)  c-k~””(vx’o)’  +  (3@ J/,1$) e-kf’”(v’R’o)’ ,

where &.lOW and &a$L arc. transicnl Lime scales for rcslmnsc  to a }Icavysidc  sLc.p function irmrcasc in shear

stress at t = O /Chrisfmwn 1982, Chapter 1; lvins &i Sarmis 1994]. The [c.rm linear in t rcprcscnts a

Newtonian viscous-like rcsporrsc  and equation A-1 c.valuated at t = O gives the instantancmrs  elastic

shear strain response to a unit sbcar  load. III equation A-1 time is dime.nsionlcss with a SCalC, Ii/p<: tbc
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so-called Maxwell lime for the ma[rix  m:ilerial. (kKfficicnLs  e, arc given in Tables A-1 and A-2.

Paramclcrs  given in Table A-1 arc. cocfficicnLs of bighcr order time-opcralors of lhc viscoclaslic conlpo-

sitc: a.’s and 6.’s arc associated with Maxwcllian sLrcss and strain operators, respectively. For isostacy

and tidal dispersion, an important mode is associated with the. ‘fast’ decay lime, 1/&,$,. Another time

scale, 1 /& IoWJ,  results from a ‘slow’ reaction, l’tw latter mock is associa[cd  with deformation of boun-

daries of the. hctcrogcncitics and is controlled by the s[iffcr viscosity, q, of the matrix. (The theory is

equally valid for stiff inclusions and in this case lk,, is a not a fast decay tinlc). l~E fast dc,cay

mock rcprescnL$  the ability of a sofl hctcrogcncity m more casil y dcforln. The cwcrall amplitude of this

mode of deformation is sensitive to the conccrr[ra[ion,  +. A complc.tc  discussion of the.sc modes is

given by Ivins & Sammis  [1994].

~’trc Fourier transformed shear modulus, p, for this two-phase rhccdogy  is:

(A-2)

[
io) bl +  iwbz - (11?b3 1

‘ T---’ ‘“-- “-”--” ““ ‘“--- “--‘“
-—

1al + iola~- 02CJ3  (1 + is))

where p[~ is the. time-operator shear modulus:

;, [)n+,  1)(’”1)

wi[h D ‘n) =- dn/d[”  Ilvim & Srmmis  1994,.  Chl i,r[cn.!rn  19$’2]. The  I;ouricr tr ansfor  mc.d conslilut ivc.

relation is

and wilh equation A-2 a phase-lagged shear

arctan(Q ~ 1 ). The- symbol indicates half-sided

lhc quality fac.lor is

slmin response F. tha[ follows lhc stress 1 by angle

Fourier transform as in cquaiion  (A-2). The inverse of

(A-4)

1
[

0)2(bz/ 63) A(0.))+B(@)C( (1)) 1[ 1 - 1
-.. ‘ A(@) C(0)- (bz/b3)B (0)
0)
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c(o)) = (b~/b3) -(1)2 .

The frcxprcrwy-dcpendcn[  complc.x shear IIIOdUIUS  is p“ = i o) p WIIO.SC  real part,

(A-5)

is the cffcctivc low frequency shear modulus.

A 4-I’hrm Model with llmhin-Sh[riknran Bounds

lJsing an explicit finite clcmcru simulation of composite viscoclas(ic  materials, Brinson & Kmuss

[1992] rc.ccntly dcmonstramd  that variational upper bounds provide a reasonably accurate prediction of

modulus dispersion for a situation in which a ‘stiff’ matrix surrounds a set of ‘soft’ inclusions. The

} lashin-Shtrikman  (H-S) upper bounds then arc al~propriatc  to a more complicated composito  rheology

involving four phases inslcad of the two-phase c.onlpositc  that has been discussed so far. 1[ allows a

fundamental step 10 bc taken toward rcalis[ic assessment of the frequency-dcpcndcncc of Q ~ and shear

modulus dispersion 8p in light of seismic c.onstlaints on lateral hclcrogcncity and thcnnal convective

simulations of mantle dynamics. A four-phase mode] is constructed from the two phase mode.1 as dis-

cussed in Section 5. IIashin [1983] gives relations for bounds on the shear modulus for both cylindri-

cal and spherical inclusions. We. find that the assumed shape has little impact on the overall results.

Iixprcssions that usc 11-S bounds arc indicate.d by supcrscrip[  ‘ffS’. The H-S upper bound on the

complex shc.ar modulus p“ for spherical inclusions is

p!’~ = ‘2)[1”  (i 0) + (A-6)

( 1 -. q! )

1 6@)\~(~  + 2Q)p*(i 6))) ‘_ ‘+--
~j~ (i O) - (2)p* (i w)

[
5 ‘2)p” (i w) 3 h’ + 4 ‘2)P* (i w) 1

where the type “2” material is a two-phase inclusion of volume fraction ‘2)V cmbcddcd in a two-phaw

rna[rix  of volume fraction ‘I)v with ‘I)v + (2)v = I (WC Figure A-l). The bulk modulus is assurmxl  to

bc dissipation free and equal in all four phases undc.r consideration. Finally, wc note:
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‘Y ‘ ‘{’’’’s(’”))}’ ‘n$’’s(io)} ~ (A-7)

la order to apply lhc. bound given by (A-6) the complc[c  constitutivc cqua[icm for the composilc viscoc-

las[ic media occupyi])g volurnc space ‘)V must bc considcrcd, in light of the common rcfcrcncc tirnc

scale, qlp= , shared wilh viscoclas(ic comJmsitc occuJ>ying  volume ‘lJv. The complex shear modulus,

‘2)~” (i (I)), uses a sligblly modified form for the frequency-dcpcndcrr[ functions identified in the two-

pha.sc model. in particular, it is required that

(*)A  ( ~ ) =. (2)~ */~)R + ‘*)
U ~ - (J)*  ‘2)(13 ,

‘*)fl ( 6) ) = (’2)* ,/(?)~ _ JJ)2 ( ‘2)U #2)R + ‘)U z ) . (A-8)

In addition, ‘l)C ( w ) and ‘2)C’ ( (o ) differ by their implicit dcpcndcncc on different internal conccnua-

tions, ‘l)@, ‘2)$ and viscosity ratios,  (l)R, @)R’. q’wo IMW  Viscosi[y  ratios arc irltroduccxj as

(*)// ~
o),,
Ti);l ‘ (A-9)

and matcria]  of type 1 has a corresponding ratio “)T]’/[l)rl  that simply rc.places R. For material of Lypc

1 the constitute vc coefficients in I’able A-1 remain unchanged, whi]c for material of type 2 has R

rcJ~]accd by ‘*)J!’ arrd each time derivative of the operator form of the constitutivc  equation contains a

multiplicative resealing ‘* )R p where p is the order of the time derivative. In olhcr words, each ‘)OP

and ‘2)bp contain nlultiplica[ive cocfficicn[s ‘2)RP ia contrast to those for type 1 given in Table A- 1.

The minor diffcrcnccs arise solely from the ncccssity  for a common rcfcrcncc tirnc scale. for adjoining

composite. vise.oc.laslic fluids of types 1 and 2.

‘Itlc concc,rltratio:~, ~2)v, of two-ptrasc, viscoclas(ic  fluid of type 2 is rc.la[ivcly unrestricted since the

}1-S bounds arc. a non-dilute thcmry ~Brin.wn & Knauss  1992]. Our models of mande shear modulus

(Figures 7 and 8) take advantage of this fact. 311c full range of models for I.ovc number clispcrsion in

the tidal bal~d must consider lateral viscosity contrast at ICVCIS  cxcccding the, ]owcr bounds dc.tcrmincd

in this paper. This will bc particularly apropos for models of the D” layer.
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Figurc 1. Q - ro diagram for ‘t!ipowcr]aw’. lnsc.t shows typical shear modulus and 1.OVC number (k ~)
dispersion. Applications to seismic data invo]vc radially -dcpcndcnt amplitudes (Q inside the
absorption band) and cut-off frcqucmcics  (ml and 02) ID, Andrmm & Given 1982]. The cross
shows how such a model could satisfy a sixxific Q value at the Chandler wobble. frequency.

Figure 2. Power spectra of loglo viscosity variation. Normalimt  coefficients qti arc related to seismic
vclocit y cocfficicrm by proportionality y factor given in equation (3.1). Depth-dcpcndcnt parameters
arc summarized in Table 1. The normaliy.ation convention is the same as adopted by 7“aninu>[o
[1990] (MDI.SI1)  and Su & Dziewonski  [1991] (also scz lvins,  Sanmus  & Yodcr [1993]).

Figure  3. Iogl@ll(r  ,O,k) in mid-upper mantle (a-d) and dc.cp lower mantle (e –h ). Seismic models
arc. S}1425.2 [Su & Dzicwonski 1991], MD1,S} I [7’aninwto  1990] and S 12WM 13 /Su, Woodward
A Dziewonski  1994]. For frames a-~ cquatirm  (2.6) applies with pararnctc.rs givcm in Table 1.
Different ‘DI.A’ - a pairs arc contrasted in a, b, c and d. In all cases 7’O(r ) corresponds to a
convcclivc. simulation of ?’mklcy c1 al. [1993). Frames e and f compare variability for lower
mantle just above l)” with two long-wavclcnglh  solutions. Frames g and h assume homologous
tc.mpcraturc  T/7’~ = 0.417 (from 7zrr c! f~ochler  /1993))  while the dimensionless activation
parameter g = 15.2 (g) and g = 22.0 (h) correspond to the pcrovskite  CaTiO~ {100)  and (110)
dislocation slip systems, rcspcctivcly,  as dctcrmincd by Wrigh[, I’rice & I’oiricr  [1992]. (These
values of g arc with respect to 7’~ at 700 km dcp[h  as dctcrmincd by 7zrr & Bochlcr  /1993]).
All contour intervals arc 0.5. I’hc ‘mm’ corllour corresponds to a solid Iinc.

Figure 4. Q-  ] - 1’ diagrams (inverse. quality factor versus period of oscillation) for onc-dime.nsional
spring-dashpot analogucs rllcologic,s. ‘1’hc diagrams only show qualitative features. ‘t”hc Maxwell
and Burgers models arc viscoclastic fluid nmdcls  while Kc.tvin-Voigt  and standard linear sub-
stances arc viscoclastic,  or ‘anclastic’, solids. The lat[cr to not exhibit long-term crccp bc.havior.
7’hc .scismic  absorption band is typically forjnulamd as a superposition of standard linear clcmcnts
whose properties arc ‘solve.-for’ paramc.tcrs.

Figur-c 5. Volumes with -0.6 Yo, or grczitcr, anomalously slow S - waves throughout the mantle.
(1’rom,$u, Woodward & I~zicwonski  [1994] - rnodet S 12WM 13).

l:igurc 6. I’wo-phase. composite mrxicl. Viscoclas[ic composite rno(iuli (shear operator: f!” , and bulk
compression operator: k’ ) arc analytically related to d~c inclusion and matrix Maxwell viscoclas-
tic moduli (q, ti and p’) with and wi[hout primes, rcspcclivc.ly. A generally self-consistent
schc.mc cva]uatcs composite. operators from a solution at boundary ~. For two dimensions this is
a three.-phase cylinder model ~Chrisfcnscn  1990] (SC.C Appendix for further discussion).
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}~igurc  7. Prc(tictcd  Q ~(ro) (a) and @ :
[ 1p(o) - II(rOo) / p(mo)  (b) of (WO and four-phase models

(dashed and solid lines, rcspcctivc]  y). Rcfcrcrlcc  frcquc.rlcy 00 corrcspon(ls  to (he. ~!~ free oscilla-
tion. The hand is shown sIMns the c.ntirc range of long period tides and cxtcmds to 60 seconds
(~ 10$ j[l/z  ) in the sc.ismic range. IJramc  (a) shows cxpcrimcntal QP dctcrmincd at high tc.mpcra-
turc (> 10OO°C  ) and pressure (= 300 M1’a for squares from Jaclxon,  I’atcrson & I~i[zGerald
[1992] using Ahcim dunitc. and = 20 hfl’a for stars from Guegucn  e[ al. (1989] using single cry-
slal fors[crilc.).  Scismicall y dctcrmincd manllc Q ~ arc general Iy factors of 2 to 10 larger that
cxpcrirncntal values. The value of Q ~ at the Chandler wobble. period corresponds to lhal dcduccd
b y  $mi[lr & Dahlen ~1981]  and cslimatcd pa rame t r i ca l l y  by  Wifson & Viccn~c [1990)  (total
bounds indicated by horizontal dashcxl Iinc.s). (Q ~ differs from solid Q of the Chandler wobble
by a scale faclor ICSS  than 1.8 [Okubo  1982], but here this is ignorcxi since it is inconscqucntia] to
the basic cffccl being dcrnonstralcct).  I’hc cross shows the prcfcrrcd  value of Wilson & Viccnie
[1990] (SW their model 11- 14). Tidal dispersion (rncasurcd  by modc]ing Ad is lCSS than one pcr-
ccnt for scrrli-diurnal  ( M2 ) arid 13.66 day ( Mf ) tidal frcqucncics Il{oberlson,  Ray & Carter
1994; Charles F. Yodr?r, pcrsona[  corrmunicalionj . Refer to Table A-3 for viscosity ralio and
concc. ntration  dcfini~iorls  for k 4 -phase conipositc. ‘i”hc long dashed line and slaggcrcd long-
shorl arc contrihu[ions from phase.s in volunlc. 2 and 1, rcspcclivcly. q’hcsc volume contributions
combine. (SCC equations A-6, 7) to form the 4-phase ma[c.rial response (solid litlc). Also shown is
a curve (shortcs(  dash) in (b) for a ‘power-law’ wilh an cxponcrrt  of 0.09 (SCC equation 7.4 of
Smith & Dahkn [1981]) and a rcfcrcncc frcxjucncy,  o)O, al ~$ z, consislcnl  with the Ohc. r curves.

NO(C that the power-law anclaslic modc,l  easily fits the Chand]cr  wobble frequency (CW) c.sti-
matcs (cross) by shifting rcfcrcncc frequency, (00, WCII  value above lhat for ~$ IS. 1 lowcvcr, the
la[tcr model lacks s[ruclurc:  a faclor which n)ay prove crucial to fi t(ing the entire band.

I;igurc 8. Same as F_igurc.  7 cxc.c.p[ lower matrix viscosity ‘l)q arl(i lower lypc (1) inclusion viscosi[y
(l+lf.

Figure A-1. Carloon of a lalcraliy hclcrogcnous 4-phase viscosity mantle. Type (2) inclusions take. the
shapes of spllcrcs in the model discussed in the. Appendix,

!$ubmit[cd -.. Gcophysicai  J .  lnt.
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Table. 1. Depth-dcpendcn[ pararnckrs  u.swj for calculatirlg Ia[cml viscosity power spcxxra.

. —  _ _ _
——. . _________ ____ — _ _ _ _

d~pth (km) A“(l@)  E n / A *  ~ ~“0 ~ (103 ‘ K ) 7 ’04 (10 3 ‘ K ) a (l@°K) ~ (~o--s  OK-I)

-—- _— — — . — — — _  _ _ _ _ _  ._.- — .  -  _ _ _ _

?50. 1.13

450. 1.22

550. 1.33

700. 1.11

900. 1,01

1 2(X). 1.10

1 Sfx). 1.25

1803. 1.43

2200. 1.77

26a). 2.08

2835. 1.76

- . -  — _ _ _ _ _

0.059

0.052

0.057

O.(K4

0.066

0.064

0.061

0.059

0.056

0,056

O.(M4

2.088

2.069

2.1

2.3

2.5

2.6

2.65

2.7

2.675

2.75

3.25

1.99 8.2

2.1 8.3

2,2

2.23

2.275

2.296

2.47

2.53

2.562

2.53

2.675

8.5

8.3

8.7

9.35

9.97

10.6

11.0

11.4

11.7

—-

. t Assurncs inlcnnitbl &wblC-lnyer  convuring n)can wnlperamm  calculakd  b y  7ackfey  e[ cd. [ 1 9 9 3 ] .
E ~cJ&’$/v~o.

1.725

1.65

1.5

1,463

1.425

1.3

1.177

1.05

0.9

0.75

0.65

.—

~ singk+yer  cxmvecs.ing  man Lempcral.rc  calmlarrd try LZ[JCA and Ywn  [ 1 9 8 9 ] .
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I“able 2. Vkcosity Ratios t .

Rat io I)cfinition

— ——

A~ ~(r,O,L) / qO(r)

A~i at concentration $,, ratio of weak
to average of remaining
heterogeneous viscosity

R composite idealization of A~i

-.— — .._—. — . . . .. —.. — . . . .———

-..—. ..—. .
t SW. discussion in .Sections  4 and 5



‘1’able A-1. Cocfficicn[s  for ‘1’wo-plIasc  h4axwc.11 Viscoclaslic  Com]msilcl

.

t] on

.

1
[

\J (1+ R) -1 ($(1- R) 1
2 -; (Ii 7R)+ v (I+3R) + 4)(1- 10 (; + v)

2A’ . (: 4 v)

tl /)n

—..

[
v (1-l R) 4)(1- R) 1

1 ; (Ii 7/{)+ v (1+3/{)  - ($ (1-- /{)(; + v)

3 fl~

I Refer m llquations  (A-1) m (A-4)



‘fable A-2. General Creep I;unc[ion  for 2D Composk  RhcOlogyl .

i l~c~~y Spec t ra  ii

—— ———————. -— . _ .- —-_ —. —— ____ —__

nl w.

0
b ~

“b, ( 1 -  ;1-)+ ;:
1

1

2

3

—

1—.
b 3 ?L~ow) (L.lOW -

1-—. .—

~Jacl )-[
- al

r

al-..
bl

a3 a 3

+ ( b? + bl --- ) X~low  - ( b3 + b2- )X~;Ow
b3 b 3

+ a  
3 ‘S?OW

1

-.
1 Ikfcr to  equations (A-1) 10 (A-4)
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Table A-3. Components of 4-I%asc Composite Viscoelastic llhcokgy  i .

Parameter Definition

-— —.. . ..— .—

(I) v type (1) 2-phase (nlatrix)  concentration

(2)” type (2) 2-phase (inclusion) concentration

(?)~ (?~ ,(1~

(1)
~ type (1) matrix viscosity

(2)
l-t type (2) matrix viscosity

(I)I{J (1~~ /(1),,

(2)I<Z (?~~ /(l)q

(1) *
‘rl type (1) inclusion viscosity

(2) *
~ type (2) inclusion viscosity

(1)
@ type (1) inclusion concentration

(2)
A L . . - . - — . - — . . . - — . . . . - – .  - - - - -

type (2) inclusion concentration

1 Refer to l’,gurcs  &8,  A-1 and  equations (A-6) to  (A-9).
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